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Abstract In this paper, we quantitatively demonstrate that
exponentially decaying attractive potentials can effectively
mimic strong hydrophobic interactions between monomer
units of a polymer chain dissolved in aqueous solvent.
Classical approaches to modeling hydrophobic solvation
interactions are based on invariant attractive length scales.
However, we demonstrate here that the solvation interaction
decay length may need to be posed as a function of the
relative separation distances and the sizes of the interacting
species (or beads or monomers) to replicate the necessary
physical interactions. As an illustrative example, we derive
a universal scaling relationship for a given solute–solvent
combination between the solvation decay length, the bead
radius, and the distance between the interacting beads. With
our formalism, the hydrophobic component of the net
attractive interaction between monomer units can be
synergistically accounted for within the unified framework
of a simple exponentially decaying potential law, where the
characteristic decay length incorporates the distinctive and
critical physical features of the underlying interaction. The
present formalism, even in a mesoscopic computational
framework, is capable of incorporating the essential physics
of the appropriate solute-size dependence and solvent-
interaction dependence in the hydrophobic force estimation,
without explicitly resolving the underlying molecular level
details.
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Introduction

The effective attraction between large apolar groups in
water plays a critical role in the stability of complex
biological structures in aqueous environments. For example,
interactions between large assemblies or relatively high
concentrations of hydrophobic groups in water dictate the
transition of a polymer from a diffuse coiled state to a more
compact (“collapsed”) state. This is a classic example of
monomer–monomer hydrophobic attractive interactions
minimizing the interfacial and bending energies, thereby
forcing the polymer molecule to undergo a phase
transition. A plethora of investigations into the mecha-
nisms of hydrophobic attraction-induced collapses of
nanoscopic and microscopic moieties and the resulting
changes in the free energies can be found in the literature
[1–6]. The physics involved becomes even more compli-
cated when there are charges on (or in the vicinity of) the
interacting substances [7–14]. The presence of these
charges induces a competition between hydrophobic and
coulombic interactions that eventually dictate the final
configuration of the system. In this study, however, the
hydrophobic units are assumed to be uncharged, and all
the derivations are obtained accordingly.

Hydrophobic interactions between monomer units in a
polymer are likely to be rather complex. Consequently, it is
rather difficult to represent this phenomenon by an
integrated physical picture involving a simple interaction
potential and a unique interaction length scale (there have
been many studies that have considered the appropriate
invariant length scales for hydrophobic interactions [15–
18]). However, in a number of cases, it may be convenient
to represent hydrophobic interactions between structural
units through simple yet physically consistent and mathe-
matically closed forms of equivalent interaction forces.
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Such representations of interaction potentials may turn out
to be essential elements in particle-based or mesoscopic
simulations, as they enhance the computational tractability
of the mathematical formulation without sacrificing the
essential physics. Examples of these kinds are plentiful in
the literature on Brownian dynamics simulations (BDS) of
polymeric systems (such as spring force interaction poten-
tials, harmonic bending potentials, etc.). In fact, in several
of our recent studies [19, 20], we attempted to derive
system parameters [by comparing the results of BDS with
those obtained from molecular dynamics simulation (MDS)
of an equivalent system] that effectively allow polymer
interactions to be captured at extremely small length scales
(which could have otherwise required explicit modeling of
the solvent interactions) through the BDS formalism. What
is still missing, though, is an accurate yet simple closed-
form mathematical representation of hydrophobic interac-
tion potentials for such cases that can quantitatively
reproduce the detailed consequences of the underlying
interaction mechanisms (such as effects of solute size or
solvent interactions). Such a representation would not
require the interaction parameters to be estimated through
comparison with an equivalent MDS study [19, 20]; rather,
it would be able to predict the parameters that govern the
hydrophobic interactions by considering the physical con-
ditions that trigger the hydrophobic collapse. With the
above motivation, we have attempted to represent bead–
bead hydrophobic interactions through closed mathematical
forms. Different choices for the shape of the potential
function may be plausible to achieve this aim in principle,
provided that they can accurately represent the essential
physics from both qualitative and quantitative perspectives.
For instance, one can attempt to represent hydrophobicity-
mediated attractive interactions between monomeric units
in a polar solvent through an exponential form of the
interaction potential [20, 21]:

USolv ¼ eu0 exp � ΔRij

�� ��
Rattr

� �
ð1Þ

where USolv is the attractive potential per unit area (J/m2),eu0 is expressed in units of kBT/σ
2 (kB is the Boltzmann

constant, T is the absolute temperature and σ is the
Lennard–Jones (LJ) length scale), ΔRij=Ri−Rj is the
position vector joining the centers of the beads i and j in
the framework of a bead-spring model, and Rattr is the
solvation decay length, which characterizes the range of the
solvation interaction. It has been argued in the literature that
choosing different characteristic decay lengths is not likely
to alter the stable and metastable states of wormlike chains
in a poor solvent [21–28]. However, when considering the
implications of this, the thermophysical details of hydro-

phobic interactions between monomer units have been
somewhat overlooked.

In the present paper, we consider the details of solvation
interactions between hydrophobic monomer units in a poor
solvent. We demonstrate that the generic form of the
attractive potential, as given by Eq. 1, can appropriately
capture the bead–bead hydrophobic interactions (for differ-
ent physical conditions) provided that the parametric
dependencies in Rattr are represented in a self-consistent
fashion. In a system where hydrophobic effects dominate,
we demonstrate that, despite an apparent universality in the
exponentially decaying form chosen to mimic the resulting
attractive interactions, the solvation decay length scale is
solely responsible for representing the background physics
in a quantitatively accurate manner. Consistent with this
conjecture, we demonstrate a postulation of the parameter
Rattr as a general function of the pertinent physical
parameters, ensuring that the size dependence and the
solvent-interaction dependence of the hydrophobic attrac-
tion are suitably represented even in a framework that
includes the solvent interactions in a coarse-grain manner.
This postulation contrasts sharply with the standard models
commonly considered in the literature, in which the
parameter Rattr (or its equivalent form; when the attractive
potential is described by the LJ interaction, this becomes
the molecular length scale) is routinely taken as a constant,
and is thus insensitive to the details of the interaction
mechanisms from which it derives [21–37]. The repulsive
potentials (such as excluded volume interactions) may be
treated separately and trivially. It is also important to
mention in this context that the objective of this study is
not to solve a polymer dynamics problem by considering
all pertinent interaction forces. Rather, we aim to develop
a simple guideline for effectively modeling inter-bead
hydrophobic interaction potentials that may be employed
in conjunction with other pertinent interaction forces in
order to solve a problem of that kind. The usefulness of
the proposed calculation is established by demonstrating how
it can reproduce theMDS results of size-dependent or solvent-
interaction-dependent hydrophobic effects in a mesoscopic
framework. Consequently, the present formalism can be
considered an important step towards the computationally
efficient molecular modeling of hydrophobic systems involv-
ing extremely small length scales, which would otherwise
invariably require the explicit modeling of solvent–solvent
interactions.

Mathematical modeling

We begin our analysis by appealing to the standard idea that
severe perturbations to hydrogen-bond networks around
densely populated hydrophobic units may lead to the
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formation of liquid-depleted layers in-between them. The
interfacial fluctuations that separate the dense and depleted
phases are likely to destabilize and expel the surrounding
liquid, leading to an attraction between the hydrophobic
units due to the resulting pressure imbalance. Such pressure
imbalances, as driven by small-scale density fluctuations,
may be assumed to follow Gaussian statistics with a
variance of # r!; r!=

� �
¼< dr r!� �

dr r!=
� �

>, where δρ
is the difference between the fluctuating molecular density
field (n) and its slowly varying ensemble-averaged counter-
part (ns). For the sake of completeness, we first reproduce
the important derivations governing the distributions of n, ns,
and the hydrophobic interaction potential, as discussed in
Lum et al. [38]. The solvation free energy of the system,

which is dictated by the probability of finding empty
volumes in unperturbed fluids due to the presence of
hydrophobic units, may be expressed as a ratio of the
pertinent partition functions, leading to the following
expression for an excess equivalent chemical potential:

UHyd ¼ Δmex ¼ �kBT ln
Zvð0ÞP

N�0
ZvðNÞ

264
375 ð2Þ

where Zv(N) is the partition function for the case when N
solvent molecules occupy a volume v (volume occupied by
the hydrophobic unit). This is given by [38]:

ZvðNÞ ¼ exp �F ns r!;N
� �� �

=kBT � N �
Z
v

d r!ns r!;N
� �0@ 1A2

=2sv � ln svð Þ=2
8<:

9=; ð3Þ

In Eq. 3, F is the free energy functional, given by

F ¼
Z

d r! w nsð Þ þ m

2
rnsj j2

h i
: ð4Þ

In Eq. 4, w is the local free energy density referenced by
the ambient chemical potential μ, and m = al2 [39]. For free
energy calculations, one can use a convenient van der
Waals form [39]:

wðnÞ ¼ nkBT ln
bn

1� bn

� �
� an2 � mn ð5Þ

with an interfacial energy constraint given by

glg ¼
Znl
ng

dn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m wðnÞ � w ng

� �
 �q
ð6Þ

where ng and nl are the bulk gas and liquid densities,
respectively, at the liquid–gas coexistence state dictated by
Eq. 5. Considering that the value of nl is given by the
density of liquid water at phase coexistence when T=
298 K, glg ¼ 72MJ=m2, and the compressibility implied by
Eq. 5 has the same value as that for water under normal
conditions [38], it follows that a=230 kJ cm3 mol-2 and b=
15 cm3 mol−1, l ¼

ffiffiffi
b
a

q
¼ 0:38 nm. Further, the variance

# r!; r!=
� �

may be expressed as

# r!; r!=
� �

¼ ns r!� �
d r!� r!=
� �

þ ns r!� �
ns r!=
� �

h r!� r!=
��� ���� �

ð7Þ

where h r!� r!=
��� ���� �

þ 1 is the radial distribution function
of liquid water at the bulk density nl [40]. The variable ns
can be computed using the following governing equation
[38]:

@w

@ns r!� � ¼ mr2ns r!� �þ 2a n r!� �� ns r!� �
 � ð8Þ

where bars over quantities denote coarse-grained density
values, and

n r!;N
� � ¼ ns r!;N

� �
�
Z
v

d r!=
Z
v

d r!==
ns r!;N
� �� N

v

� 
s�1
v # r!==

; r!
� �

ð9Þ

Using Eqs. 2–9, a plot of UHyd as a function of the
separation distance (x) between two planar hydrophobic
units may be obtained, as depicted in Fig. 1. From the
figure, it is evident that water will remain between the two
hydrophobic units until x becomes so small that the liquid
becomes thermodynamically unstable.

The next objective of the analysis would be to
translate the above picture of hydrophobic interactions
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between planar surfaces into the equivalent for spherical
units. Although a significant number of investigations
concerning the hydrophobic solvation attractions between
spherical units at different length scales have been
reported in the literature [41–44], closed-form expres-
sions for the pertinent interaction potential as a function of
the separation distance—encompassing different ranges of
the spheres’ radii—have been missing. This lack of
explicit relationships has often tempted researchers into
employing heuristic forms of the interaction potential
concerned without explicitly specifying the pertinent
model parameters. Here, we attempt to overcome such
shortcomings by extending the detailed thermophysical
analysis of hydrophobic interactions between planar
surfaces presented earlier to spherical geometries (thus
essentially representing the beads in a polymeric unit).
Note that the net hydrophobic interaction between two
spherical units (with identical radii) as a function of their
center-to-center distance r is then [45]

UHyd;SphereðrÞ ¼ UHyd
1 � 2UHyd

2 þ UHyd
3 ð10Þ

where UHyd
1 results from the interaction between the front

halves of the spheres (the halves that face each other),
UHyd

3 results from the interaction between the rear halves
of the spheres (the halves that do not face each other),
whereas UHyd

2 results from the interaction between the
front half of one sphere and the rear half of the other
sphere. Since the interaction between two bodies strictly
depends on their net exposed hydrophobic surface area

[46–48], we can neglect the interaction energies UHyd
2 and

UHyd
3 , so that

UHyd;SphereðrÞ � UHyd
1 ð11Þ

where

UHyd
1 ¼ 2p

Zarad
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r=2

a2rad

s !
UHyd r � 2arad

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r=2

a2rad

s !
r=dr=

ð12Þ

Here arad is the radius of the spherical bead, and for
analytical convenience UHyd(x) may be described by a
suitable curve fit (this is merely a mathematical fit that
depicts the general characteristic trends obtained by solving
the coupled Eqs. 2–9 for flat geometries, considering the
physical properties of water) of Fig. 1:

UHydðxÞ ¼ B tanh k x� Cð Þ½ � for x � 100+
¼ B tanh k x� Cð Þ½ � þ A sin p x�100

C�100

� �
 �
for 100+ < x < C

¼ 0 for x>C

ð13Þ
In Eq. 13, UHyd is expressed in mJ m−2, B (expressed in

units of mJ/m2)=158, k (expressed in units of 1/Å)=10−4, A
(expressed in units of mJ/m2)=40, C=15217.4Å, and x is
the separation distance in units of Å. It is important to
reiterate here that Eq. 13 is merely a mathematical fit to the
numerical results obtained from the model simulation, and
is solely used to evaluate the integrals needed to obtain the
bead–bead interaction forces and the consequent scaling
relationships in explicit mathematical forms.

Results and discussion

Development of the scaling law

The dominantly exponential nature of UHyd,Sphere essentially
suggests that this somewhat resembles the form given by
Eq. 1. In this regard, it is interesting to observe that the
parameter Rattr in Eq. 1 appears to be a free parameter.
However, we show here that this apparently free parameter
solely dictates the interaction forces that drive the polymer
condensation. To this end, we will exemplify the particular
role of hydrophobic interactions, for which there appears to
be a universal scaling relationship between the parameters
Rattr/σ, d

»
S ¼ r � 2aradð Þ=s, and arad/σ, which may be

obtained by equating the form given by Eq. 1 with the
results of Eqs. 11–13. A visual representation of the
corresponding interrelationship is depicted in Fig. 2. It

Fig. 1 Mathematical fit (given by Eq. 13; shown by continuous line)
of the hydrophobic interaction potential obtained from [38] (marked
by circles) between two plane surfaces as a function of the separation
distance (x)
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may be inferred from Fig. 2 that the parameter Rattr need
not necessarily be a constant, but may be sensitively
dependent on the variations in d

»
S and arad/σ. Rattr is found

to increase linearly with d
»�1
S . Such a phenomenon suggests

that at smaller separation distances, the effects of dis-
turbances to the distribution of the water molecules (the
main source of solvophobic interactions)—as caused by the
presence of a given solute in its neighborhood—are more
likely to propagate in the vicinity of the other solute,
thereby affecting the length scale of their overall attractive
influences. On the other hand, Rattr increases with arad/σ for
a given d

»
S, indicating that larger bead radii essentially

amplify the effective domain of influence of hydrophobic
interactions. Remarkably, the variations in Rattr are seen to
obey the following universal characteristics:

Rattr

s
¼ 1:8 d

»

S

� ��1
þ 1:85

arad
s

� �
ð14Þ

Equation 14 essentially suggests that hydrophobic
interactions between spherical units can be captured by a
potential of the form depicted by Eq. 1, with a modified
solvation decay length, as given by Eq. 14. It is important
to recognize that despite being apparently abstracted
from the underlying complicated details in its functional
form, Eq. 14 essentially represents the complex physics of
bead–bead hydrophobic interactions. This is ensured by
effective upscaling in which the background thermody-
namic calculations merely play the role of a synthetic
microscope for visualizing interactions between the fine-
grain features and coarse-grain features of the pertinent
interaction mechanisms.

Comparison with MDS results: validation of the proposed
scaling law

To illustrate the effectiveness and validity of the proposed
scaling of the solvation decay length, we compare the result
of the present calculation with results from several MDS
studies. Comparisons are made in a manner that highlights
various important aspects of the proposed universal scaling
law. The first and foremost statement of the scaling law is
that it can reproduce the size dependence of the PMF
(potential of mean force). To do this, we compare the PMF
values (in vacuum) obtained using the present derivation
with those obtained from MDS results [49, 50]
corresponding to hydrophobic interactions of nonpolar
dimers of four different organic molecules (namely isobu-
tane, neopentane, bicyclooctane, and adamantane) at sepa-
ration distances that make the repulsive contribution
negligible. For these comparisons, we use eu0 as the fitting
parameter, which is estimated by comparing the results of
the scaling calculation with the MDS result for a particular
value of separation distance (see the caption of Fig. 3 for
more details). The excellent agreement (see Fig. 3) of the
PMF profiles for dimers of different sizes (for each of the
four organic molecules, the molecular diameter is estimated
as σ0 = rc/2

1/6, where the values of rc are 0.52 nm, 0.58 nm,
0.62 nm and 0.68 nm for isobutane, neopentane, bicyclooc-
tane and adamantane, respectively [49, 50]) between the
results from the present calculation and the MDS results [49,
50] clearly establishes the usefulness of the present formalism
for correctly predicting the size dependence of the PMF.

Having conclusively established the usefulness of the
proposed scaling law for delineating the size dependence of
the PMF, we now aim to show how this scaling law can
successfully incorporate the solvent-interaction effect in the
representation of the interspecies hydrophobic interactions
without requiring the explicit calculation of the solvent
dynamics. As we are only interested in the representation of
correct attractive effects, we look to provide comparisons
(with MDS results) for cases where repulsive interactions
are negligible. Hence, we compare our simulation results
with the results of the MDS study of Southall and Dill [51]
(see Fig. 4). This comparison, in addition to again showing
the capacity of the proposed scaling law to capture the size-
dependent behavior of PMF, clearly demonstrates that it is
possible to represent the solvent-interaction dependence of
hydrophobic forces with the present formalism without the
need to explicitly resolve the solvent–solvent interaction. It
should be noted here that the potential (with the scaled
solvation decay length) described in the present work is
intended to capture the interactions of hydrophobic solutes
at the mesoscopic scale. Standard mesoscopic simulations,
which use a constant solvation decay length, cannot capture
the reported solute-size dependence [49, 50] or the solvent-

Fig. 2 Scaling variation of Rattr/σ with the inverse of dimensionless
separation distance dS* and dimensionless radius arad/σ. The contin-
uous lines represent variations given by Eq. 14, whereas the markers
(circles for arad/σ=1, squares for arad/σ=2, diamonds for arad/σ=4,
and stars for arad/σ=8) give the results obtained from the present
simulation
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interaction dependence of the PMF [51]. In contrast, the
proposed approach accounts for the PMF in a physically
correct way, even in a mesoscopic model that does not
provide explicit information on the individual moieties and
may not explicitly characterize the behavior of the solvent.
This, we believe, clearly demonstrates the importance and
validity of the proposed scaling argument.

Usefulness of the proposed scaling law in molecular
modeling

The need for molecular modeling stems from the inability
of continuum modeling approaches to correctly represent

certain phenomena when it is necessary to study the
dynamics of all of the molecules involved. However, the
excessive computational cost of molecular modeling often
means that it is necessary to use mixed computational
approaches (e.g., mesoscopic approaches like BDS, where
the dynamics of solutes/particles are treated using the
molecular approach but the details of the background
solvent are coarse-grained) or a very small computational
volume (e.g., to perform molecular modeling of an entire
system that is very small and contains only a very limited
number of solvent molecules). Thus, there have only rarely
been studies where the solvent effects are explicitly
accounted for in large systems. In this regard, our proposed
scaling approach, by successfully addressing the solute-size
dependence and solvent-interaction dependence of hydro-
phobic effects in a mesoscopic framework, could prove to
be immensely important when developing numerical codes
or potential software that are intended to handle large
computational volumes but also to include solvent effects
or solute-size effects in the overall calculations. Hence, in
effect, our formalism is a step towards the development of a
modified mesoscopic framework that performs calculations
in a coarse-grained domain, but still considers the essential
quantitative implications of solvent or solute sizes in the
computational procedure.

It should be noted here that there have been several
previous attempts to represent hydrophobic effects through
such implicit solvent modeling [52–55]. The present

Fig. 4 Variation of the potential of mean force (PMF) (or free energy)
with the distance between two spherical apolar solvophobic species.
The energy is expressed in units of the hydrogen-bond interaction
energy (εHB) of a water molecule (as described in [51]) and the
distance in terms of the hydrogen-bond interaction length (lHB). The
results for the MDS simulation (obtained from [51]) are shown by
markers (circles for solutes of diameter 1.5 lHB and squares for solutes
of diameter 2 lHB), whereas the results from the present simulation are
depicted by lines (continuous bold lines for solutes of diameter 1.5 lHB
and dotted lines for solutes of diameter 2 lHB). The results were
obtained with eu0s2 equal to 0.05 (in units of εHB); this value of eu0s2

is obtained by comparing with the MDS result [51] corresponding to a
separation distance of 3.5 (in units of lHB)

Fig. 3 a Comparison of the result from the present calculation of the
size dependence of the PMF with the equivalent MDS result [49]
(with the interactions considered to occur in vacuum). The bold line
and the dotted lines are the results from the present calculation
corresponding to hydrophobic interactions of nonpolar dimers of
isobutane and neopentane, respectively. The markers (red circles for
isobutane and green squares for neopentane) represent the
corresponding results from MDS [49]. For the present simulation,
the values of eu0 are calculated as 0.020 J/m2 and 0.017 J/m2 for
isobutane and neopentane, respectively (by matching with the MDS
result corresponding to a distance of 9 Å [49]). b Comparison of the
result from the present calculation of the size dependence of the PMF
with the equivalent MDS result [50] (with the interactions considered
to occur in vacuum). The bold line and the dotted lines are the results
from the present calculation corresponding to hydrophobic interac-
tions of nonpolar dimers of bicyclooctane and adamantane, respec-
tively. The markers (red circles for bicyclooctane and green squares
for adamantane) represent the corresponding results from MDS [50].
For the present simulation, the values of eu0 are calculated as 0.036 J/
m2 and 0.031 J/m2 for bicyclooctane and adamante, respectively (by
matching with the MDS result corresponding to distance of 9 Å [50])
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approach is distinctive and more effective than those
approaches in the sense that it condenses all of the implicit
effects into a single universal mathematical representation
of the hydrophobic decay length. Thus, for any system
where hydrophobic effects dominate, Eqs. 1 and 14 and the
correct value of eu0 can be used to mimic the exact behavior
of a hydrophobic solute in terms of the appropriate size
dependence and solvent-interaction dependence. Hence, we
provide a methodological basis for capturing hydrophobic
effects at extremely small length scales (length scales
where, otherwise, one invariably needs to explicitly
represent solvent molecules) via mesoscopic approaches
such as BDS. Also, our formalism can be viewed as the
first step toward the development of efficient mathematical
relationships for various other physical forces (incorporating
the appropriate dependencies of system parameters), which
will eventually lead to greater computational convenience in
current molecular modeling strategies.

Conclusions

In this paper, we have provided a theoretical derivation that
leads to a universal scaling relationship for the decay length
that governs hydrophobic interactions, which are responsi-
ble for the strong attractive forces between structural units
in poor solvents. Our calculation demonstrated that the
hydrophobic decay length can act as an important guide
when quantifying the underlying interactions, which is
achieved by upscaling the pertinent thermophysical events
that occur over reduced length scales. In particular,
changing the distances between the individual hydrophobic
units as well as the sizes of the interacting beads may
strongly influence the strength of the consequent interaction
forces, as shown by our proposed scaling law. By validating
the proposed scaling law through comparison with MDS
results, we demonstrated that the present formalism can
successfully implement the size dependence and the
solvent-interaction dependence of the hydrophobic attrac-
tion in an extremely effective computational framework that
treats the solvent interactions in a coarse-grained manner.
This should eventually pave the way for the development of
improved mesoscopic simulation strategies that can be
applied to hydrophobic interaction problems at extremely
short system length scales, which would otherwise require
that the solvent–solvent and solvent–solute interactions are
captured explicitly.
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